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a b s t r a c t
Whittle proved, for k = 1, 2, that if N is a 3-connected minor of a
3-connected matroidM , satisfying r(M)− r(N) ≥ k, then there is
a k-independent set I of M such that, for every x ∈ I , si(M/x) is a
3-connected matroid with an N-minor. In this paper, we establish
this result for k = 3. It is already known that it cannot be extended
to greater values of k. But, here we also show that, in the graphic
case, with the extra assumption that r(M) − r(N) ≥ 6, we can
guarantee the existence of a 4-independent set of M with such a
property. Moreover, in the binary case, we show that if r(M) −
r(N) ≥ 5, thenM has such a 4-independent set orM has a triangle T
meeting 3 triads and such thatM/T is a 3-connected matroid with
an N-minor.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
We follow the definitions and notations set by Oxley [6], with one exception: si(M) and co(M) is,
respectively, a simple and a cosimple matroid associated withM .
In a 3-connected matroidM, X ⊆ E(M) is said to be vertically contractible inM ifM/X is vertically
3-connected. In other words, X is vertically contractible in M if si(M/X) is 3-connected. If M/X is
3-connected, we say that X is contractible in M . We say that x ∈ E(M) is contractible or vertically
contractible in M if {x} is contractible or vertically contractible in M , respectively. If N is a matroid,
we say that a set X ⊆ E(M) is vertically N-contractible inM if si(M/X) is a 3-connected matroid with
an N-minor. IfM/X is 3-connected with an N-minor, we say that X is N-contractible. Analogously, we
define x ∈ E(M) to be N-contractible or vertically N-contractible if M/x or si(M/x), respectively, is a
3-connected matroid with an N-minor.
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Contractible and vertically contractible elements are widely used for inductive proofs of results
about 3-connected matroids. When working in a class of matroids with a specific N-minor, this role
is better played by N-contractible and vertically N-contractible elements.
Cunningham [2] and Seymour [7] proved, independently, that every 3-connected matroid has a
vertically contractible element.Wu [10] proved the existence of three vertically contractible elements
and several other results about contractible and vertically contractible elements in 3-connected
matroids. Whittle [9] proved the following two theorems:
Theorem 1.1. Let k ∈ {1, 2}. If N is a 3-connected minor of a 3-connected matroid M, satisfying
r(M)− r(N) ≥ k, then M has k distinct vertically N-contractible elements.
Theorem 1.2. If N is a 3-connected minor of a 3-connected matroid M, satisfying r(M)− r(N) ≥ 3, then
for every vertically N-contractible element x of M, there is y ∈ E(M)− x such that x, y and {x, y} are all
vertically N-contractible in M.
These theorems were used, for instance, by Whittle [9] to obtain properties about stabilizers of
classes of representable matroids, and by Lemos [4], Costalonga [1] and Lai et al. [3], to establish
structural results about non-separating cocircuits and graphicness in binary matroids.
The main results established here are the following four theorems, which generalize some of the
results previously stated:
Theorem 1.3. Let M be a 3-connected matroid with a 3-connected minor N such that r(M)− r(N) ≥ 3.
Then M has a 3-independent set whose elements are vertically N-contractible in M.
Theorem 1.4. Let M be a binary 3-connected matroid with a 3-connected minor N such that r(M) −
r(N) ≥ 5. Then:
(a) M has a 4-independent set whose elements are vertically N-contractible, or
(b) there is a 6-subset {x1, x2, x3, p1, p2, p3} of E(M) such that:
(b1) {p1, p2, p3} is an N-contractible triangle of M,
(b2) {x1, x2, x3} is a triad whose elements are N-contractible,
(b3) for {i, j, k} = {1, 2, 3}, {xi, pj, pk} is a triad and {xi, pi} and {pi, pj} are vertically N-contractible,
and
(b4) x1, x2 and x3 are the unique vertically N-contractible elements of M.
The configuration described in Theorem 1.4, (b) is illustrated in figure (I).
Theorem 1.5. Let M be a binary 3-connected matroid with a 3-connected minor N such that r(M) −
r(N) ≥ 6. Then:
(a) M has a 4-independent set whose elements are vertically N-contractible, or
(b) there is a 9-subset {x1, x2, x3, p1, p2, p3, q1, q2, q3} of E(M) such that, for {i, j, k} = {1, 2, 3}:
(b1) {p1, p2, p3} and {q1, q2, q3} are contractible triangles of M,
(b2) {xi, pj, pk}, {xi, qi, qk} and {x1, x2, x3} are triads of M,
(b3) the sets {pi, pj}, {qi, qj}, {xi, pi} and {xi, qi} are vertically N-contractible, and
(b4) x1, x2 and x3 are N-contractible. Moreover, these are the only vertically N-contractible elements
of M.
The configuration described in Theorem 1.5, (b) is illustrated in figures (II) and (III).
In the graphic case, Theorem 1.5 admits the following strengthening.
Theorem 1.6. Let G be a simple 3-connected graph with a simple 3-connected minor H such that
|V (G)| − |V (H)| ≥ 6. Then there is a 4-independent set I of M(G) such that, for each x ∈ I,G/x is
a 3-connected graph with an H-minor.
We prove Theorem 1.6 in a more general setting: whenM(H) is 3-connected and |V (H)| ≥ 1.
If we combine Theorems 1.2 and 1.3, we get the following corollary.
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Corollary 1.7. Let M be a 3-connected matroid with a 3-connected minor N such that r(M)− r(N) ≥ 3,
and let x be a vertically N-contractible element of M. Then there are elements y and z of M such that
{x, y, z} is an independent set in M and y, z and {x, y} are vertically N-contractible in M.
ByWhitney’s 2-isomorphism theorem, Theorem1.1 and Corollary 1.7, we have the following result
in the graphic case.
Corollary 1.8. Let G be a simple 3-connected graph with a simple 3-connected minor H such that
|V (G)| − |V (H)| ≥ 3. Then there is a 3-subset {x, y, z} of E(G), which is not the edge set of a triangle of
G, such that G/x,G/y,G/z and G/x, y are all 3-connected graphs having H-minors.
In the next figures, graphs (I) and (II) are the respective illustrations of the configurations described
in Theorem 1.4, (b) and Theorem 1.5. In all figures, the edge sets adjacent to degree-3 vertices are
triads. The illustration in (II) is misleading in the non-graphic case because the edge sets of the
4-circuits in graph (II) are not necessarily circuits of M . It happens only if M is the cycle matroid of
the graph in (II) (see the proof of Theorem 1.6 for details). In graph (III), we illustrate the dual of the
configuration described in Theorem 1.5, (b). In this case, if G is a graph such thatM = M∗(G) then the
degree-3 vertices of graph (III) have degree 3 in G.
A binary version of Theorem 1.3 was proved by Costalonga [1]. It was applied in the proof of a
theorem about non-separating cocircuits and graphicness in binary matroids. Theorem 1.6 was also
proved in [1]. Theorem 1.4 reduces the proof a conjecture stated in [1] to a computational verification.
In a certain sense these theorems cannot be generalized, as we will see now. Let X and Y be the
vertex classes of the bipartite graph K3,n, where |X | = 3. Let K ′′′3,n be the graph obtained from K3,n
by joining each pair of vertices of X by an edge. As already mentioned by Wu [10], there are only 3
vertically contractible elements in M∗(K ′′′3,n). If we choose n sufficiently large and, for instance N as
M∗(K3,3) or N = M∗(K3,m) with 2 ≤ m ≤ n − 3 we have some extremal cases in Theorem 1.3.
Costalonga [1] presented a infinite family of 3-connected and simple planar graphs {Gi}i∈N with
respective 3-connected and simple Hi-minors such that, for each i, |V (Gi)| − |V (Hi)| = 5 but Gi
has only 3 edges whose contraction results in a 3-connected graph with an Hi-minor. This proves
an optimality of the hypothesis in Theorem 1.4. But the description of these examples and the proof
of these properties are too long to include here. About generalizations of Theorem 1.6, we conjecture
that for every positive integer k there is a positive integer l, such that |V (G) − V (H)| ≥ l implies the
existence of a k-independent set ofM(G) such that the contraction of each of its elements results in a
3-connected graph with an H-minor.
Whittle [8] proved the specific case that N ∼= U2,4 of Corollary 1.7 with the additional conclusion
that {x, z} is vertically N-contractible. We do not know if it can be generalized to every 3-connected
matroid N .
2. Some preliminary known results
The following well known results are used with no mention.
• In a binary matroid, a circuit meets a cocircuit in an even number of elements and the symmetric
difference of circuits is a disjoint union of circuits.
• For non-parallel elements e and f in a matroidM , with an adequate choice of ground sets, we have
si(M/e, f ) = si(si(M/e)/f ).
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Whittle [9] established the following three lemmas.
Lemma 2.1. Let M be a 3-connected matroid with elements x and p such that si(M/x) and si(M/x, p)
are 3-connected, but si(M/p) is not 3-connected. Then r(M) ≥ 4 and there is a rank-3 cocircuit C∗ of M
containing x such that p ∈ clM(C∗)− C∗.
Lemma 2.2. Let C∗ be a rank-3 cocircuit of a 3-connected matroid M such that p ∈ clM(C∗)− C∗.
(a) If z1, z2 ∈ C∗, then si(M/p, z1) ∼= si(M/p, z2).
(b) If N is a matroid and, for some x ∈ C∗, {x, p} is vertically N-contractible, then {z, p} is vertically
N-contractible for each z ∈ C∗.
Lemma 2.3. Let C∗ be a rank- 3cocircuit of a 3-connected matroid M. If x ∈ C∗ has the property that
clM(C∗)− x contains a triangle of M/x, then si(M/x) is 3-connected.
The next lemma is proved in [5].
Lemma 2.4. Suppose that, in a 3-connected matroid M, there is a triangle T intersecting a triad T ∗. Let
T − T ∗ = {x}. Then si(M/x) is 3-connected.
3. Proof of Theorem 1.3
The proof follows the outline used by Whittle [9] in his proof of Theorem 1.1. However, there is a
difficulty in adapting Whittle’s proof for our purpose. This is treated in Lemma 3.3.
Lemma 3.1. Let M be a binary simple matroid. Suppose that C∗ is a rank-3 cocircuit of M. Then:
(a) |C∗| = 3 or |C∗| = 4, and
(b) if |C∗| = 4 then:
(b1) C∗ is a circuit of M,
(b2) say that C∗ := {a1, a2, b1, b2}, the function ϕ : E(M)→ E(M) defined by ϕ(a1) = a2, ϕ(a2) =
a1, ϕ(b1) = b2, ϕ(b2) = b1 and ϕ(x) = x if x ∉ C∗, is an automorphism of M, and
(b3) C∗ is contained in an orbit of the automorphism group of M.
Proof. AsM is binary and simple, C∗ cannot contain circuits with less than 4 elements. As r(C∗) = 3,
thenM|C∗ ∼= U3,|C∗|. ButM is binary and so |C∗| ∈ {3, 4}. It implies both (a) and (b1).
Let us prove (b2). As ϕ is self-inverse, it suffices to show the following theorem.
3.1.1. ϕ(C) is a circuit of M if C is a circuit of M.
In fact, if C ∩ C∗ = ∅ or if C = C∗, then ϕ(C) = C; in this case, we have 3.1.1. So we may assume
that 1 ≤ |C ∩ C∗| ≤ 3. Since M is binary, |C ∩ C∗| = 2. Note that ϕ(C) = C or ϕ(C) = C1C∗. This
yields 3.1.1, and, therefore, (b2).
To prove (b3), let x and y be distinct elements of C∗. Just apply (b2) with x = a1 and y = a2 to get
an automorphism ϕ ofM with ϕ(x) = y. The lemma is proved. 
Let M be a 3-connected matroid and let N be another matroid. We say that an element z ∈ E(M)
is N-removable ifM \ z is a 3-connected matroid with an N-minor.
Lemma 3.2. Let M and N be 3-connected matroids and let x and p be elements of M such that {x, p} is
vertically N-contractible. Suppose that M is binary or M has no N-removable element. Suppose also that
C∗ is a rank-3 cocircuit of M with the following properties:
(a) x ∈ C∗,
(b) p ∈ clM(C∗)− C∗, and
(c) |C∗| ≥ 4 or C∗ ∪ p is a circuit of M.
Then, there is a 3-independent set I of M contained in C∗, whose elements are vertically N-contractible.
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Proof. By Lemma 2.2, if y ∈ C∗ then {y, p} is vertically N-contractible. Thus, it suffices to find a
3-independent set I contained in C∗ whose elements are vertically contractible. Define M ′ :=
M|(C ∪ p).
First we prove the lemma in the case thatM ′ has a 4-element circuit C . As C is a 4-circuit ofM , then
for every z ∈ C − p, C − z is a triangle ofM/z, and therefore, by Lemma 2.3, si(M/z) is 3-connected.
That is, every element of C − p is vertically contractible. In this case, choose I as a 3-subset of C − p.
Then, we can assume that there is no 4-circuit inM ′. By (c), |E(M ′)| ≥ 5.
As p ∈ clM(C∗) − C∗, there is a non-trivial line L of M ′ containing p. There is an element w in
E(M ′)− L because r(M ′) = 3. ButM ′ has no 4-circuit, sowmust be the unique element of E(M ′)− L.
As |C∗ ∪ p| ≥ 5, L has at least 4 elements. Thus M is not binary and, by hypothesis, M has no
N-removable element. Let z ∈ L−p. ThenM \ z is 3-connected. But L−p is a parallel class ofM/p and
M/p has an N-minor. As N is 3-connected,M/p\ z has an N-minor. This implies that z is N-removable
inM , a contradiction. 
Lemma 3.3. Let M be a 3-connected matroid with a triangle T and a triad T ∗ such that T − T ∗ = {p}
and T ∗ − T = {x}. Suppose that N is a 3-connected matroid and {x, p} is vertically N-contractible in M.
Suppose also that M is binary or M has no N-removable elements. Then there is a 3-independent set I of
M, containing x, whose elements are all vertically N-contractible.
Moreover, if M is binary, we can choose I in such a way that all its elements are contained in triads of
M intersecting T . In particular, this implies that I ⊆ cl∗M(T ).
Proof. By Lemma 2.4, and as {x, p} is vertically N-contractible, then x is vertically N-contractible in
M . Let T ∩T ∗ := {x1, x2}. By Lemma 2.2, both si(M/x1) and si(M/x2) have N-minors. If these matroids
are both 3-connected, then this lemma follows for I := {x, x1, x2}. Thus wemay assume that si(M/x2)
is not 3-connected. First, we show the following.
3.3.1. T is the unique triangle of M containing x1.
Suppose that T ′ is a triangle ofM such that x1 ∈ T ′ ≠ T . By orthogonality with T ∗, T ′∩{x, x2} ≠ ∅.
If x2 ∈ T ′, then T ∪ T ′ is in a line of M with at least 4 elements intersecting a triad. It implies that
M ∼= U2,4, a contradiction. Thus x ∈ T ′. By Lemma 2.4, si(M/x2) is 3-connected because x2 ∈ T ∗ − T ′,
contradicting our assumption. This establishes 3.3.1.
Now, we show the following proposition.
3.3.2. {x1, x2}, {x1, p} and {x2, p} are vertically N-contractible in M and M \ p has an N-minor.
In M/x1, the elements p and x2 are parallel. So si(M/x1, p) ∼= si(M/x1, x2). By Lemma 2.2,
si(M/x, p) ∼= si(M/x1, p) ∼= si(M/x2, p). It implies that {x1, x2}, {x1, p} and {x2, p} are vertically
N-contractible because, by hypothesis, {x, p} is vertically N-contractible. Now, note that p is a loop
ofM/x1, x2. Then si(M/x1, x2) is a minor ofM \ p. This concludes 3.3.2.
Let us show one thing more.
3.3.3. If U∗ is a triad of M different from T ∗ intersecting T and y ∈ U∗ − T , then y is vertically N-
contractible.
By Lemma 2.4, si(M/y) is 3-connected. Let us show that M/y has an N-minor. As U∗ ≠ T ∗ and
M cannot have a coline with more than 3 points intersecting a triangle, then {x1, x2} ⊈ U∗. By
orthogonality with T , p ∈ U∗. So y is in the series pair U∗ − p ofM \ p. ButM \ p has an N-minor by
3.3.2. As N is 3-connected, thenM \ p/y, and, therefore,M/y have N-minors. This proves 3.3.3.
Now, we split the proof into two cases.
Case 1: si(M/x1) is 3-connected.
By 3.3.2, si(M/x1, x2) is 3-connected. As si(M/x1) and si(M/x1, x2) are 3-connected, but si(M/x2)
is not, by Lemma 2.1, there is a rank-3 cocircuit C∗ ofM containing x1 such that x2 ∈ cl(C∗)−C∗. Note
that, by orthogonality with T , p ∈ C∗.
First, consider the case in which |C∗| ≥ 4. In this case the first part of the lemma follows by
Lemma 3.2 applied on C∗, x1 and x2. For the second part, let us verify that, in this case,M is not binary.
J.P. Costalonga / European Journal of Combinatorics 33 (2012) 72–81 77
IfM is binary, by Lemma 3.1 applied on C∗, x1 and p are in the same orbit of the automorphism group
ofM . But si(M/x1) is 3-connected and si(M/p) is not 3-connected because p ∈ T − T ∗. HenceM is not
binary.
Thenwemay assume that |C∗| = 3. Let y ∈ C∗−T . By 3.3.3, y is verticallyN-contractible. By, 3.3.1,
{x, x1, y} is an independent set ofM . In this case, set I := {x, x1, y} and Case 1 is finished.
Case 2: si(M/x1) is not 3-connected.
In this case, we have the following proposition.
3.3.4. T is the unique triangle of M that intersects {x1, x2}, x is in no triangle of M andM/x is 3-connected.
In this case, we can interchange the labels of x1 and x2 in 3.3.1 to conclude that T is the unique
triangle ofM that intersects {x1, x2}. By orthogonality with T ∗, we conclude that x is in no triangle of
M . Thus si(M/x) = M/x. As si(M/x) is 3-connected,M/x is 3-connected. Therefore, 3.3.4 holds.
Now we show that the lemma follows from the previous claims and the following assertion.
3.3.5. Let {i, j} = {1, 2}. There is a rank-3 cocircuit C∗j of M such that xj ∈ Cj∗, x ∉ Cj∗ and there is an
element pj ∈ {xi, p} such that pj ∈ clM(Cj∗)− Cj∗.
Let us assume 3.3.5 for a while. First, consider the case that |Cj∗| ≥ 4 for some j ∈ {1, 2}. By 3.3.2,
{xj, pj} is N-contractible. By Lemma 3.2 applied on Cj∗, xj and pj, there is a 3-subset I of C∗j that is
independent in M and whose elements are vertically N-contractible. This proves the first part of the
lemma. Let qj ∈ {p, xi} − pj. By orthogonality with T , qj ∈ Cj∗. If M is binary, then by Lemma 3.1,
|C∗j| ≤ 4. Since xj and qj are not N-contractible, I ⊆ Cj∗ − {xj, qj}. Therefore, |I| ≤ 2, a contradiction.
ThusM is not binary, and the second part of the lemma also holds in this case.
Now, suppose that |C∗1| = |C∗2| = 3. As M  U2,4,M has no coline with more than 3 elements
intersecting T . Thus |Ci∗ ∪ T ∗| < 2 and x2 ∉ C∗1. Analogously x1 ∉ C2∗. Hence, for i = 1, 2, there
is an element yi such that Ci∗ = {p, xi, yi}. By 3.3.3, y1 and y2 are vertically N-contractible in M . To
prove the first part of the lemma, it suffices to show that I := {x, y1, y2} is a 3-independent set ofM .
In fact, it is independent, because x is in no triangle ofM , by 3.3.4. Moreover, I has 3 distinct elements;
otherwise we would have a coline meeting T with at least 4 elements, a contradiction. By 3.3.4, this
choice of I also satisfies the second part of the lemma.
Summarizing, we just concluded that 3.3.5 implies the lemma. Now, let us drop its assumption and
prove it.
We may assume without loss of generality that j = 2. Note that, by 3.3.1, si(M/x1) ∼= M/x1 \ x2.
Since inM\x2 the elements x and x1 are in series, si(M/x1) ∼= M/x\x2. ThusM/x\x2 is not 3-connected
by the assumption of Case 2. Let {A1, A2} be a 2-separation forM/x\x2. Assume that x1 ∈ A1. AsM/x\x2
is connected, this 2-separation must be exact, so
r∗M\x2(A1)+ r∗M\x2(A2) = r∗(M/x \ x2)+ 1 = r∗(M/x).
Therefore,
r∗M(A1 ∪ x2)+ r∗M(A2 ∪ x2) = r∗(M/x)+ 2. (1)
Let us show now that, for k = 1, 2, Ak spans x2 in M∗. Assume the contrary. Then r∗M(Ak) + 1 =
r∗M(Ak ∪ x2). Replacing the last equation into (1), we conclude that {A3−k ∪ x2, Ak} is a 2-separation
forM/x; a contradiction to 3.3.4. Thus Ak spans x2 inM∗ for k = 1, 2.
There is a cocircuit D∗k ofM such that x2 ∈ D∗k ⊆ Ak ∪ x2. As x1 ∈ A1, x1 ∉ D∗2. By orthogonality
with T , p ∈ D∗2. Hence p ∈ A2. So we have {p, x2} ⊆ D∗2 ⊆ A2 ∪ x2. Analogously x1 ∈ D∗1. Now, we
show the following proposition.
3.3.6. r(D∗1) = 3 or r(D∗2) = 3
Note that E(M) − T is a cohyperplane of M which avoids p and contains A2 − p. Then r∗M(A2 −
p)+ 1 = r∗M(A2) = r∗M(A2 ∪ x2). If we replace the last equation into (1), we get
r∗M(A1 ∪ x2)+ r∗M(A2 − p) = r∗(M/x)+ 1 = r∗(M/x, p)+ 1.
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By hypothesis, si(M/x, p) is 3-connected, then rM/x,p(A1∪x2) ≤ 1 or rM/x,p(A2−p) ≤ 1. By Lemma 2.1,
r(M) ≥ 4. AsM andM/x are 3-connectedmatroids with rank at least 3, neitherM norM/x has rank-2
cocircuits.
If rM/x,p(A1 ∪ x2) ≤ 1, then rM/x,p(D∗1) ≤ 1. Hence rM(D∗1) ≤ rM(D∗1 ∪ {x, p}) ≤ 3. Thus
rM(D∗1) = 3, as we wanted.
If rM/x,p(A2− p) ≤ 1, then rM/x,p(D∗2−{x2, p}) ≤ 1. Thus rM/x(D∗2− x2) ≤ 2 and rM(D∗2 ∪ x) ≤ 4.
As M/x has no rank-2 cocircuits, it follows that rM/x(D∗2) = 3. Then x2 is neither in clM/x(D∗2 − x2)
nor in clM([D∗2 − x2] ∪ x). Note that x ∉ clM(D2∗ − x2) because D2∗ − x2 is contained the hyperplane
E(M) − T ∗ of M , which avoids x. Let us verify that x ∉ clM(D∗2). Assume the contrary. Thus x ∈
clM(D∗2)− clM(D2∗ − x2). It implies that x2 ∈ clM([D2∗ − x2] ∪ x), a contradiction. Then x ∉ clM(D∗2).
Therefore rM(D∗2 ∪ x) = 4 because rM/x(D∗2) ≥ 3 and rM(D∗2 ∪ x) ≤ 4. Hence rM(D∗2) = 3 as we
wanted. Thus we have 3.3.6.
Now, if r(D∗1) = 3, define C∗2 := D∗1 and p2 := p. Otherwise, define C∗2 := D∗2 and p2 := x1.
In the paragraph preceding 3.3.6, we proved that p ∈ D∗2 and x1 ∈ D∗1. Thus p2 ∈ T ⊆ C2∗ ∪ p2. It
implies that p2 ∈ cl∗M(C∗2)− C∗2. We concluded 3.3.5 and, therefore, the lemma. 
Lemma 3.4. Let M be a 3-connected matroid with a 3-connected minor N. Suppose that M has no
N-removable element, then M has a 3-independent set whose elements are vertically N-contractible.
Proof. By Theorem 1.1, M has a vertically N-contractible element x. By Theorem 1.1 again, si(M/x)
has distinct vertically N-contractible elements p and q. If both si(M/p) and si(M/q) are 3-connected,
then {x, p, q} is the desired 3-independent set. In another case, we may assume that si(M/p) is not
3-connected. By Lemma 2.1, there is a rank-3 cocircuit C∗ containing x with p ∈ clM(C∗) − C∗. If
|C∗| ≥ 4 or C∗ ∪ p is a circuit of M , then the lemma follows from Lemma 3.2. So we may assume
that C∗ is a triad of M and that C∗ ∪ p is not a circuit of M . Thus there is a triangle T of M such that
p ∈ T ⊆ C∗ ∪ p. Let x′ ∈ C∗ − T . By Lemma 2.2, si(M/x′, p) ∼= si(M/x, p). Thus {x′, p} is vertically
N-contractible inM . The result follows from Lemma 3.3 applied on T , C∗, p and x′. 
Proof of Theorem 1.3. Let S be a maximal subset of E(M) such that M \ S is a 3-connected matroid
with an N-minor satisfying r(M) = r(M \ S). By the preceding lemma, there is a 3-independent set
I of M \ S, whose elements are vertically N-contractible in M \ S. It is easy to check that I has these
properties inM as well. 
4. Lemmas for the other proofs
Notation. LetM be a 3-connected matroid with an N-minor. We define VN(M) as the set of vertically
N-contractible elements ofM .
Lemma 4.1. Let M be a 3-connected binary matroid with a 3-connected minor N satisfying r(M) −
r(N) ≥ 4. Suppose that x and {x, p} are vertically N-contractible in M. If C∗ is a rank-3 cocircuit of
M such that |C∗| ≥ 4, x ∈ C∗ and p ∈ clM(C∗)− C∗, then rM(VN(M)) ≥ 4.
Proof. By Lemma3.1, |C∗| = 4, C∗ is a circuit ofM and C∗ is contained in an orbit of the automorphism
groupofM . Thus, as x ∈ C∗, it follows thatC∗ ⊆ NV (M). Therefore, rM(NV (M)) ≥ 3. LetMx := si(M/x).
Note that rM/x(C∗ ∩ E(Mx)) = 2. By Theorem 1.3, there is a vertically N-contractible element q ofMx
such that q ∉ clM(C∗). So it suffices to show that q ∈ VN(M) to prove the lemma. Suppose the contrary.
By Lemma 2.1, there is a rank-3 cocircuit D∗ of M containing x such that q ∈ clM(D∗) − D∗. By
Lemma 3.1, 3 ≤ |D∗| ≤ 4. By the choice of q,D∗ ≠ C∗. It follows that |D∗ ∩ C∗| = 2 because M is
binary and C∗ is a circuit. AsM is simple and binary and q ∈ clM(D∗) − D∗, there is a triangle U ofM
such that q ∈ U ⊆ D∗∪q. If U ∩C∗ ≠ ∅ then, by orthogonality and cardinality, U ∩C∗ = D∗∩C∗. This
yields that q ∈ clM(C∗), a contradiction. Then U ∩ C∗ = ∅ and U ⊆ (D∗ − C∗) ∪ q. As |D∗ − C∗| ≤ 2,
it follows that U = (D∗ − C∗) ∪ q. Thus |D∗ − C∗| = 2. Therefore, |D∗| = 4 and, by Lemma 3.1 D∗ is a
circuit ofM . Observe that U1D∗ is a circuit ofM containing q and contained in C∗∪q. This contradicts
the fact that q ∉ clM(C∗). Thus q ∈ VN(M) and the lemma is proved. 
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Lemma 4.2. Let M be a 3-connected binary matroid with a 3-connected minor N satisfying r(M) −
r(N) ≥ 4. Suppose that rM(VN(M)) = 3. Then, in M, there is a triangle T meeting a triad T ∗ such that, for
x ∈ T ∗ − T and p ∈ T − T ∗, x and {x, p} are vertically N-contractible and VN(M) ⊆ cl∗M(T ).
Moreover, suppose that T := {p1, p2, p3} and, for {i, j, k} = {1, 2, 3}, Ti∗ := {xi, pj, pk} is a triad of
M. Then:
(a) T is N-contractible,
(b) {x1, x2, x3} is a triad of M whose elements are N-contractible,
(c) for distinct elements i and j in {1, 2, 3}, the sets {xi, pi} and {pi, pj} are vertically N-contractible, and
(d) x1, x2 and x3 are the unique vertically N-contractible elements of M.
Proof. Let y ∈ VN(M) andMy := si(M/y). Note that rMy(VN(M)∩E(My)) ≤ 2. So, by Theorem1.3 there
is a vertically N-contractible element p of si(M/y) which is not in clM(VN(M)). Then, by Lemma 2.1,
there is a rank-3 cocircuit T ∗ ofM containing y such that p ∈ clM(T ∗)− T ∗. By the preceding lemma,
|T ∗| = 3. Let T be a circuit ofM such that p ∈ T ⊆ T ∗∪p. AsM is binary, T is a triangle. Let x ∈ T ∗−T .
By Lemma 2.2 applied on T ∗, x, y, and p, si(M/x, p) ∼= si(M/y, p). Moreover, by Lemma 2.4, si(M/x)
is 3-connected. Thus x and {x, p} are vertically N-contractible. By the second part of Lemma 3.3, as
rM(VN(M)) = 3, VN(M) ⊆ cl∗M(T ). This proves the first part of this lemma.
Consider the hypothesis for the second part. Say that p1 := p and that x1 = x. For l = 2, 3, by
Lemma 2.2 applied on T ∗, it follows that si(M/x1, p1) ∼= si(M/pl, p1). Applying Lemma 2.2 also on T ∗2
and T ∗3 we conclude (c).
Let us show (b). Note that {x1, x2, x3} = T ∗11T ∗21T ∗3 is a triad of M . By Lemma 2.4 and by (c),
x1, x2 and x3 are vertically N-contractible. We must show that these elements meet no triangle ofM .
Assume that x1 is in a triangleU . By orthogonality, T1∗∩U ≠ ∅. Say p2 ∈ U . AsM is binary |U∩T | ≤ 1.
So p1 ∉ U . Then, by orthogonality with T3∗,U = {x1, p2, x3}. Let Z = {x1, x2, x3, p1, p2, p3}. Note that
Z ∈ clM({x1, p1, x2, p2}) and Z ⊆ cl∗M(T ). Then |Z | = 6, rM(Z) ≤ 4 and rM∗(Z) = 3. As Z is not a
2-separating set forM , then |E(M)| ≤ 7. But r(M) ≥ r(N)+ 4 ≥ 4. Moreover, r∗(M) ≥ r∗M(Z) = 3.
Thus |E(M)| = 7 and r∗(M) = 3. It implies that M ∼= F7∗, a contradiction to the fact that M has a
triangle. This proves (b).
It remains to prove (a). Observe that si(M/T ) ∼= si(M/p1, p2), which is 3-connected with an
N-minor by (c). Thus T is vertically N-contractible. It is left to show that M/T is simple. For this, it
suffices to show that every circuit C ofM different from T satisfies |C − T | ≥ 3. In fact, if C ∩ T = ∅, it
is straightforward that |C−T | ≥ 3. Assume that C intersects T , but C ≠ T . Suppose for a contradiction
that |C − T | ≤ 2. Let D be the circuit of {C, C1T } that intersects T in only one element, say p1. By
orthogonality with T ∗2 and T ∗3,D = {p1, x2, x3}, a contradiction to the fact that xj is in no triangle of
M . Then |C − T | ≥ 3. Thus we proved (a) and, therefore, the lemma. 
Lemma 4.3. Suppose that M is a 3-connected binary matroid with an N-minor. If T is a triangle of M
such that VN(M) ⊆ cl∗M(T ), then |VN(M)| ≤ 3.
Proof. Let T := {p1, p2, p3}. For k = 1, 2, 3, let Xk := (cl∗M(T − pk)− T )∪ pk. Note that cl∗M(T ) is the
disjoint union of X1, X2 and X3. Moreover, at most one element in each Xk is vertically contractible in
M . This implies the lemma. 
Lemma 4.4. Let M be a 3-connected binary matroid with a 3-connected minor N satisfying r(M) −
r(N) ≥ 4. Suppose that T is a triangle of M such that VN(M) ⊆ cl∗M(T ) and x1 ∈ VN(M) − T . Choose
the ground set of M1 := si(M/x1)maximizing |E(M1) ∩ cl∗M(T )|. If there exists q ∈ VN(M1)− cl∗M(T ),
then:
(a) there is an N-contractible triangle U, containing q, such that U, T and VN(M) are disjoint 3-subsets
of E(M),
(b) we can write U = {q1, q2, q3}, VN(M) = {x1, x2, x3} and T = {p1, p2, p3} so that, for {i, j, k} =
{1, 2, 3},Ui∗ := {xi, qj, qk} and Ti∗ := {xi, pj, pk} are triads of M,
(c) the elements of VN(M) are N-contractible and VN(M) is a triad of M,
(d) for distinct elements i and j of {1, 2, 3}, the sets {xi, qi} and {qi, qj} are vertically N-contractible, and
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(e) if {x1, p1} is vertically N-contractible, then, for distinct elements i and j of {1, 2, 3}, the sets {xi, pi}
and {pi, pj} are vertically N-contractible and T is N-contractible.
Proof. By hypothesis, x1 and {x1, q} are vertically N-contractible in M , but q is not. By Lemma 2.1,
there is a rank-3 cocircuit C∗ of M such that q ∈ clM(C∗) − C∗ and x1 ∈ C∗. If |C∗| ≥ 4, then, by
Lemma 4.1, rM(VN(M)) ≥ 4. But Lemma 4.3 implies that rM(VN(M)) ≤ 3, a contradiction. Thus C∗ is
a triad ofM . This yields that there is a triangle U ofM , such that q ∈ U ⊆ C∗ ∪ q.
Let us verify that x1 ∉ U . Remember that x1 ∈ cl∗M(T ). So there is a triad T1∗ of M such that
x1 ∈ T1∗ ⊆ T ∪ x1. If x1 ∈ U , then, by orthogonality with T ∗1,U intersects T . Thus q is in parallel with
an element of T in M/x1. By the maximality of |E(M1) ∩ cl∗M(T )|, q ∉ E(M1), a contradiction. Then
x1 ∉ U .
Nextwe show thatU∩T = ∅. Assume the contrary. As q ∉ T andU−q = C∗−x1, then C∗ intersects
T . But x1 ∈ C∗ − (U ∪ T ). Thus C∗ ∩ T = C∗ − x1 = U − q. So M|U ∪ T ∼= U2,4, a contradiction.
Therefore U ∩ T = ∅.
Hence the sets U ∩ cl∗M(T ) and T ∩ cl∗M(U) are empty. By the second part of Lemma 3.3 applied on
C∗ and U and by hypothesis, VN(M) ⊆ cl∗M(U)∩ cl∗M(T ). It implies that T ,U and VN(M) are disjoint.
Moreover, Theorem 1.3 implies that rM(VN(M)) ≥ 3, and, as |VN(M)| ≤ 3, by Lemma 4.3, we conclude
(a). As VN(M) ⊆ clM∗(T ), then every pair of elements in T is in a triadwhose third element is in VN(M).
The same holds for U . This yields that we can label the elements of T ,U and VN(M) satisfying (b).
The remaining assertions follow from the second part of Lemma 4.2 applied on both triangles U
and T . 
Lemma 4.5. Let M be a binary 3-connected matroid with a 3-connected minor N satisfying r(M) −
r(N) ≥ 4. Suppose that T is a triangle of M such that VN(M) ⊆ cl∗M(T ) and x1 ∈ VN(M)− T . Then:
(a) T meets at least two triads of M, and
(b) if r(M)− r(N) ≥ 5 then T meets three triads of M.
Proof. Let M1 = si(M/x1). Choose the ground set of this matroid maximizing |E(M1) ∩ clM∗(T )|.
Observe that T is a triangle ofM1. If there is an element q ∈ VN(M1)− clM∗(T ), then, by Lemma 4.4, T
meets 3 triads ofM and the lemma holds. Thus we may assume that
VN(M1) ⊆ clM∗(T ) ∩ E(M1). (2)
Suppose that there is a unique triad of M meeting T . Then, by (2), VN(M1) ⊆ T . But it contradicts
Theorem 1.3, which asserts that rM1(VN(M1)) ≥ 3. Thus T meets at least two triads of M and (a) is
proved.
Let us prove (b). Suppose that r(M) − r(N) ≥ 5 and T meets exactly two triads T1∗ and T2∗ of M .
For i = 1, 2, let xi ∈ Ti∗ − T and pi ∈ T − Ti∗. In this case, by (2), NV (M1) ⊆ T ∪ x2. By Theorem 1.3,
rM1(VN(M1)) ≥ 3. Note that si(M1/p2) is not 3-connected. As (clM∗(T )∩E(M1))−p2 = T2∗, then, by (2),
VN(M1) = T2∗. It implies that T2∗ is the unique triad ofM1 meeting T , since its elements are vertically
contractible. But (a) applied toM1 implies that T meets at least two triads ofM1; a contradiction. 
5. Proofs of Theorems 1.4–1.6
Proof of Theorem 1.4. Suppose that M has no 4-independent set whose elements are vertically
N-contractible. By Lemma 4.2, there is in M a triangle T meeting a triad T ∗ such that, for x ∈ T ∗ − T
and for p ∈ T−T ∗, x and {x, p} are vertically N-contractible and VN(M) ⊆ cl∗M(T ). By the second part
of Lemma 4.2, it suffices to show that T meets 3 triads of M to conclude this theorem. But it follows
directly from Lemma 4.5, (b). 
Proof of Theorem 1.5. Suppose that this theorem is not valid. Consider a set {x1, x2, x3, p1, p2, p3}
as described in Theorem 1.4, (b). Write T := {p1, p2, p3}. By Theorem 1.4, x1 is N-contractible. Let
M1 := M/x1. Note that T is a triangle of M1. All the hypotheses of Lemma 4.4 hold except, possibly,
for the existence of an element q ∈ VN(M1) − cl∗M(T ) and the conclusions of Lemma 4.4 imply this
theorem. Thus VN(M1) ⊆ cl∗M(T ). As si(M1/p1) and si(M1/p2) are not 3-connected, it follows that
VN(M1) = {p1, x2, x3}. As |VN(M1)| = 3, Theorem 1.4 applied to M1 implies that VN(M1) is a triad of
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M1, and therefore a triad ofM . But {p1, p2, x3} is a triad ofM1 that intersects VN(M1) in two elements.
It implies that {p1, p2, x2, x3} is in a line ofM , a contradiction. 
The following lemma is possibly already known, but we do not have a reference for it. The proof is
elementary and it is left to the reader.
Lemma 5.1. Suppose that G is a 3-connected simple graph and C∗ is a triad of M(G) intersecting a triangle
in this matroid. Then G has a degree-3 vertex adjacent to the edges in C∗.
Proof of Theorem 1.6. By Whitney’s 2-isomorphism theorem, it suffices to show that there is a
4-independent set of M(G), whose elements are all vertically M(H)-contractible. Let us apply
Theorem 1.5 for M := M(G) and N := M(H). We have to prove that item (a) from 1.5 holds, so
we assume, for a contradiction, that item (b) holds.
Let F := {x1, x2, x3, p1, p2, p3, q1, q2, q3} be as in Theorem 1.5, (b). By the preceding lemma, for
{i, j, k} = {1, 2, 3}, there is, in G, a degree-3 vertex ui adjacent to {xi, pj, pk} and a degree-3 vertex
vi adjacent to {xi, qj, qk}. Let W := {u1, u2, u3, v1, v2, v3}. Note that the edges of G adjacent to some
vertex ofW are all in F . Thus, asG is connected, V (G) = W . But V (G) ≥ 7, a contradiction. This finishes
the proof.
Note that this proof also establishes the remark after Theorem 1.6. 
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